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Surface Waves in an Elastic Solid Layer Overlying a Visco-
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Abstract. In this problem we deals with the study of propagation of surface waves in
an elastic solid layer over laying a visco-elastic fluid saturated porous solid half space.
The main interest in this problem is to formulate the boundary value problem for
wave equation in P and S systems. Dispersion equation is derived and special case is
considered. For numerical calculations, we considered the visco-elastic half space with
water saturated sand stone of 100 percent saturation.
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Introduction

The exact natures of the layers beneath
the earth surface are not known. One
has, therefore, to consider various
appropriate models for the purpose of the
theoretical investigations. Biot (1952,
1956a) formulated the constitutive
equations and equation of motions for
liquid saturated porous material. Porous
materials exist very often on and below
the surface of the earth in the form of
sandstone, limestone and permeable
sediment rocks. Biot (1962a) studied the
propagation of harmonic seismic waves in
a porous solid and found two dilatational
waves along with a shear wave produced
in such material. Tolstoy (1954) discussed
the propagation of elastic waves in a
system consisting of a liquid layer of
finite depth overlying an isotropic half-
space. Gogna (1979) considered the
surface wave propagation in a
homogeneous anisotropic layer over a
homogeneous isotropic elastic half space
and under a uniform layer of liquid.
Among various contributions on the
subject of wave propagation in fluid
saturated media, the work by Stoll (1974)
is particularly noteworthy. Stoll extended
Biot’s constitutive relations to include

mechanisms of energy loss in the
skeleton frame. This allowed for a more
consistent treatment of the overall
attenuation of the combined fluid- solid
medium.

Further, Deresiewicz (1962) and Jones
(1961) has considered Rayleigh waves in
fully saturated uniform half space.
Murphy (1982) discussed the effect of
partial water saturation in Massilon-sand
stone and viscous pore glass. Also
Philippacopoulos (1987) investigated the
Rayleigh wave propagation in fully
saturated uniform half space and in a
partially saturated half space. Porous
media theories play an important role in
many branches of engineering including
materials science, petroleum industry,
chemical engineering, biomechanics, soil
mechanics and other such fields of
engineering. Most of the modern
engineering structures are generally
made up of multiphase porous continuum
and the classical theory, which represents
a fluid saturated porous medium as a
single phase material, is inadequate to
study the mechanical behaviors of such
materials especially when the pores are
filled with liquid. In this case the solid
and liquid phases have different motions.
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Due to these different motions, the
different material properties and the
complicated geometry of pore-structure,
the mechanical behavior of a fluid
saturated porous medium becomes more
difficult. So, researchers from time to
time have tried to overcome this difficulty
and a considerable work is available in
the literature cf. De Boer (2000) etc. De
Boer and Ehlers (1988) have studied the
formulation of porous media. There are
reasonable grounds to assume that the
constituents of many fluid saturated
porous media are incompressible. For
example, taking the composition of soil,
solid constituents are incompressible and
liquid constituents which are generally
water or oils are also incompressible.

Recently Kumar and Hundal (2003, 2004)
have studied the problems of wave
propagation in a fluid- saturated
incompressible porous media. Many
researchers have discussed the surface
wave propagation in elastic media and a
comprehensive review is available in the
standard text, e.g., Ewing et al (1957).
The surface waves discussed in these
texts are within the scope of single phase
models, but the presence of fluid in the
pores of an elastic pores solid might have
affected the motion of solid particles.
Sharma et. al. (1990) has discussed the
surface wave propagation in a
transversely isotropic elastic layer
overlaying a liquid saturated porous solid
half-space and lying under a uniform
layer of liquid as far as the multi-phase
systems are concerned; there is
considerable work concerning the surface
wave propagation in fluid saturated
porous media at the present time, and a
brief review is available in Kumar and
Miglani (1996), Kumar and Deswal
(1996), Liu and Liu (2004), and Edelman
(2004). But all these are based on the
classical Biot’'s model where the

constituents of a fluid saturated porous
medium are assumed to be compressible.
Kumar and Hundal (2003) investigated
the wave propagation in a fluid saturated
incompressible porous medium.

Kumar and Hundal (2002) have study of
spherical and cylindrical wave
propagation in a non-homogeneous fluid-
saturated incompressible porous medium
by method of characteristics. Pradhan et.
al. (2008) considered a system of waves in
liquid porous solid bounded by elastic
half-space and liquid layer.Kumar et.al.
studied shear wave propagation in
multilayered medium including an
irregular fluid saturated porous stratum
with rigid boundary. Shekher and Parvez
(2016) have discovered propagation of
torsional  surface waves in an
inhomogeneous anisotropic fluid
saturated porous layered half space under
initial stress with varying properties.
Alam et. al (2017) have studied dispersion
and attenuation of the torsional wave in a
viscoelastic layer bonded between a layer
and a half space of dry sandy media.
Kumhar et. al.(2020) have discovered
modeling of love waves in fluid saturated
porous visco-elastic medium resting over
an Exponentially graded inhomogeneous
half space influenced by gravity.

The present problem deals with
the study of propagation of surface waves
in an elastic solid layer over lying a visco-
elastic fluid saturated porous solid half
space. The main interest in this problem
is to formulate the boundary value
problem for wave equation in P and S
systems. Dispersion equation is derived
and special case is considered. For
numerical calculations, we considered the
visco-elastic half space with water
saturated sand stone of 100 percent
saturation.

Formulation of the problem: The problem
under consideration is shown in Fig.1
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which basically represents a two layer
medium. Rayleigh waves for this system
have been studied extensively for cases in
which both the layer and supporting half-
space are either elastic or visco-elastic.
The additional fact included in the
present study is that the ground water
H

table is located at the depth H which
defines the layer/half space interface
consequently, while the dry layer is solid
medium and the half space is treated as a
visco-elastic fluid saturated poro-elastic
medium.

solid medium

A

+z

v

Fig. 1: Geometry of the problem

visco-elastic fluid saturated porous half space

Motion in the solid medium

Assuming that the layer is homogeneous, isotropic and linearly elastic, the field
equations of the layer in plane strain are [Ewing et. al. (1957); Achenbach, (1967)]

o%u
ot?

X

2 8e_
Vo, + Oy )&—Pl

2
0°u,
ot?

de
p|V2uZ+(X|+p|)5:p|

)
)

In which 2,, y=Lame’s constants, e=dilatation, p)=mass density, u,, u,=displacements

in x and z directions, respectively.

By introduction of the scalar potentials, ¢,y

UX:a(Pl—a\lll,UZZa(Pl-i-an
oxX 0z 0z  OX

reduces to the known wave equation

®3)
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P system S system
1 % 1 %y
2 1. 200 — 1
\ ¢, = 0L|2 atz ’ \ Y1 BIZ atz (4)

In which o, B,=Vvelocities of body dilatational and shear waves in the layer
respectively, i.e.

Oth}”;—IZM; B.ZZ::—I' 5)
The solution of (4) is
¢ = [Aexp(-pz)+ B exp(pz)]expi( et -kx)] )
wy = [A exp(-pz) + B, exp(pz)]expli( et - kx)] (7)
where, k=o/c, and p,=p/k=(1-c*/ a})"?, q,=q/k=(1-c*/ B*)"* ®)

Consequently, by virtue of (6) and (7), the displacements and stresses in the layer are
obtained as follows.

Normal (z,,) and shearing (t,,) stresses

au au
T, =A—==+(A+21)

= 1 {(” +k°) [ A exp(-pz) + B exp(pz)] +i2ka[ A, exp(-2) - B, exp(ca)

a, | A,
P TH G T

= 14 {2ikp] A exp(-pz) - B, exp(p2)]-(” + k) A, exp(-cz) + B, exp(ca) )

(9b)

Horizontal (u,) and vertical (u,) displacements
u, = -Ik[A exp(-pz) + B, exp(pz)] + q[ A, exp(-qz) - B, exp(qz)] (9¢)

u, =-p[A exp(-pz) - B, exp(pz)] - ik[A, exp(-qz) + B, exp(qz)] (9d)

In which the factor exp{i(ot - kx)}is omitted for convenience.
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(1i) Motion in the fluid saturated visco-elastic porous layer

Following Biot (1956), the governing differential equations for the visco-elastic half
space shown in Fig.1, in terms of displacements are

2

U (T M) ST W) o= el o0
(10a)
. Y o
HVzaﬂ{M +A +(T ><2M )}a_:JF(T x M )a—izy(pbu#pfwz) o
g[(T*XM*)e_MZ]:%(PfUX+mwx)+§a§X (10c)
2

8_8Z|:(T*X M*)e_M*g]:%(PfUZ+ma)x)+%a§z 00

These materials are related to visco-elastic layer where k*=jacketed incompressibility,
A*= coefficient of fluid content, d*=unjacketed compressibility, p,=mass density of
bulk material, p,= mass density of fluid, m = density of fluid, n=poro fluid viscosity,
v= permeability, u'= coefficient of the fluid constant, {=dilatation of the fluid relative

to the solid and y'= visco-elastic modulii, where T'8" =1- 5k, P'= (A" +(2/3)i"),
M =1/(y +5-82( A +(2/13)u”) , P" is saturated or closed bulk modulus, M is the

pressure to be exerted on the fluid to increase the fluid content of a unit volume. We
proceed next to reduce (10a), (10b), (10c), (10d) to wave equations. For this purpose,

consider the potentials ( ¢@,, ¥,)and ( ¢,, w,) defined as

These materials are related to visco-elastic layer where k*=jacketed incompressibility,
A*= coefficient of fluid content, d*=unjacketed compressibility, p,=mass density of
bulk material, p,= mass density of fluid, m = density of fluid, n=poro fluid viscosity,
v= permeability, u'= coefficient of the fluid constant, {=dilatation of the fluid relative

to the solid and y'= visco-elastic modulii, where T'6" =1- 5k, P'= (A" +(2/3)i"),
M =1/(y +5 -82( A" +(2/13)u”) , P" is saturated or closed bulk modulus, M is the

pressure to be exerted on the fluid to increase the fluid content of a unit volume. We
proceed next to reduce (10a), (10b), (10c), (10d) to wave equations. For this purpose,

consider the potentials ( ¢,, ¥,)and ( ¢,, w,) defined as

u, = 0¢, " oy, o, = 0¢, _‘_al//z,
OX 0z oX 0z

09, OV, 093 OV
0z oX 0z oX

(11)

H
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Substitution of (11) in (10a), (10b), (10c), (10d).

i[{zﬂ*+z*+(T*x M *)}v2¢2+(T*x M *)v2¢3}+aﬂ[ﬂ*vzwz]
¢

oX
0 o° 0?2
__{Pb ¢2+Pf

©ox at?

which will be satisfied if
[/1*+2u* +(T"x M*)Jvquz +H(T"xM) V2, = p, 2

. oty oy
2 _
H VY, =p, 6t22 ~ Pt 8t23 (12b)

Similarly, it is easy to show that substitution of (11) into (10c) yields the following
equations.

0’9, m G /a ¢,

* *\ 72 g2

(T x M )V ¢, +M Vo, =p, ot oy ot (12¢)
az‘//2 az‘//3 n Oy,

Prge "M T T (12d)

(12a), (12b), (12c), (12d) are the wave equations for the compressional and distortional
propagations in the visco-elastic saturated half space. In the matrix form

& .« 0
G +Ec—vzkp $=0 (P system)

o (13a)
iG*+ic—Vzk w =0 (S system) (13b)
at’? at :
In which ¢T:{ ¢, » §:}; V/T:{ W, Wik (13c)
where b p 00 207+ 47 +(T'x M) (T M) L0
NP [ - ‘ (13d)
Py M 0 M (T*XM*) M 0 o

By analogy with the mass, damping and stiffness matrices in structural mechanics, we
note from (13a), (13b), (13c), (13d) that the dilatation is associated with both inertia
and elastic coupling (coupling = interaction between solid-fluid phases) while the
shear waves have only inertial coupling. Equations (13a), (13b), (13c), (13d) represents
second-order (symmetric) systems which can be solved by the Foss method. The latter
method has the advantage that yields orthogonal complex modes, thus allowing for a
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diagonalization of (13a), (13b), (13c), (13d). This will be particularly effective in
solutions associated with the propagation due to transient pulses.
Next, we are focusing our interest in plane waves of the form

¢=1, exp [i( ot-kQ)]; =g, exp[i( ot-kx)]
(14)
Substitution of (2.2.14) into (2.2.13a), (2.2.13b), (2.2.13c), (2.2.13d) results in the
following two systems of coupled second order ordinary equations.

d’ d’
—k, +A | =0, |—k+ =0
{dz2 P A"} {dz2 Ag}g
(15)
where,
T* T*
2"+ A7 16a
A =anl|fr P ia)O s—kZ{#-F +{M*}} {M*} (162
py M 0 pa {T} M
M
Py P 0 0
A =0’ ° i n-kz'u
oy M 0 — 0 O
X
By choosing solutions of the form
f=F exp(1z),9=G, exp(y z) (17))

we arrive at two eigen value problems associated with P and S systems, respectively.

-{[+2,u*+(T*x M*)}A2+pba)2 -(T*x M*)A2+pfa)2
E,= - . n (18b)
-(T x M )A2+pfa)2 M™A* + Mo’ -io—
z
-u'T? p!wz
E, = 2 2 0 (18C)
P me* -io —
%
2_12_a® 2 _12_ %
N =Kk-21 T"=k-y (19)
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The vanishing of the determinants in (18a), (18b), (18c) yields the complex roots A/o,
I'/lw. Substituting the latter into (19), we finally obtain the following expression.

Al* Cz 1/2 ); Cz 1/2
=8| p ==l
P, " [ o ] P, " [ %] (20a)
. 12
7 _[.C
4 =" —[1 ﬂf} (20b)
*2 l* + 2‘Ll* *2 l* + 2‘Ll* *2 ‘Ll*
o, = O, = ’ﬁ = —
' jol ? 12 ' P3 (20c)

Py P2y P35 FEpresent mass densities of solid, fluid and average respectively which are
given by the relations

=p, Fm +—f+2u* 2 [m-T1
P2 = Po Po M Pt =Py 10 (21a)
. A r2u+ (T M) in
2pg = Py 204 pi + M m-;(_a) (21b)
2 .
Ps lnj
5= Py~ M+—
3 b m2+n( 20 (21c)
20

According to (20) and (21), we have expressed the velocities o}, o, and B, in a
convenient form using the modulii of the solid phase and by introducing the frequency-
dependent equivalent mass densities p;, p, and p;. Finally from (18) it can be seen that
the wave amplitudes satisfy the relations.

F, = 51,2F2; G; = 6,G;; (22)
In which
5112 - - P abz 0‘1,22

(23a)
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5* _ _(1_IB)ps:Bs,2 _1312
’ pf:BIZ

Hence from (14) and (22) we can now put the wave potential in the form

8, =| A,exp(A2) + B, exp(4,2) |exp| i(wt-kx) | }
(24a)

(23b)

8, =| 5, A,exp(4,2) +6,B,exp(4,2) |exp| i (ot -kx) |

v, =A, eXp|:j/*Z +1 (a)t - kX)J
(24b)

vy =0, Aexp| 7'z +i(ot-kx) |

In general, 2,°, A,', and y‘are complex. We require these real parts to insure
attenuation in z direction.

Pore fluid pressure -It is given by

. (zf-kz){(l-a*k*)+5;‘}A3exp(z;z)
+(ﬂf -kz){(1-5*k*)+5;} B, exp(ﬂgz)

Py = (25a)

Bulk stress: Tangential — is given by

0,/ =2K [ A A D)+ 4B eq(Z) (/2 K| AeplrD) g

Bulk stress: Normal is
T, 11" = g,Aexp(A; ) + g,B, exp(4,2) -i2ky A, exp(y2)

(25¢)
Plane displacement is
u, =ik [AS exp(4z)+B, exp(ﬂgz)} -7 Acexp(r'z) (25d)
u, =4 A exp(ﬂfz)JrA;B3 exp(ﬂ,:z)-ik*A4 exp(;/*z) (25¢)

Relative fluid displacements are
o, = -ik [51*A3 exp (ﬂq*z) +5,B,exp (ﬂq*z )} -y 5, A, exp (y*z) (25f)
0, =8 4 Aexp(42)+8,4 exp(A4,2)-ik'S; A exp(y2) (250)

<O _ asz 51* #a_bz_a_sz 2
Sl_k*2_{ﬁfJ{lJra*j{(l-ﬁ)Ps 5 || s
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G| [ 8 p o ol ||
Sz_k*z{ﬁf{ua*j{(l-ﬁ)ﬂs 5|2 o

, A+, w s A 42U T x M’
(XS = , ﬁs = , o, =
(1-B) o, (-B)p, " Py

Boundary Conditions:

We assume that (i) The surface is traction free; (ii) At the interface there is continuity
of stress and displacements while the fluid density p; is assumed to be zero.

Hence we have

At z=0,
( Tzz)lzo (27)
( sz)lzo (28)
At z=H,
( Ty )1 = ( sz)l (29)
_{.b
(sz )1 - (sz ) (30)
(ux)l = (ux)Z (31)
u,), =(u,), (32)

Substituting (9) and (25) into (29) through (33) and after eliminating B3 by virtue of
(32), we obtain six homogeneous equation.

{ q +1}(A1+ B,)+2i—-(A,-B,)=0
P P (34a)
2

20(4-8)-| g1 (4 8,) -0

(34b)
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2iq
P*

{ Ij*z +1}|:Ai exp(-pH )+ B, exp(pH) |+ —| A, exp(-qH )- B, exp(qH) |

*

AH) 20y
[(g1+g26:)A3eXp( ).2y Auexp(y*H)]“—

P He
(34c)

2;? [Aexp(-pH)- B, exp(-pH)]-{ g*z +1}[A2 exp(-qH) - B, exp(qH) |

*2

- Z_L{ FZ)' {(#"+0.47) Aexp (A H )}+{%+1}A3 exp(yH )}

(34d)

-iP"[A exp(-pH )+ B exp(pH)]+a[A, exp(-qH) - B, exp(qH)]

=-[iP"[(2+6;) Avexp(a]H) |+ A exp(y H) |

(34e)

-P"[ A exp(-pH) - B exp(pH)]- ik [ A, exp(-qH) + B, exp(qH) ]

= (A4 + 4,65 ) Aexp(A H) -iP" A exp(y H)

(a* +51*)( p! -1)

(o +6:)(P-1)

Now for non-trivial solution to exist, we have
8; 8, 83 8, &
a21 a22 a23 a24 a25 a26
83 83 833 8y 8y Ay
a41 a42 a43 a44 a45 a46

(34)

where &, =-

a51 a52 a53 a54 a55 a56

aGl aGZ a63 a64 a65 a66

where,
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21 21
an:%"‘l- 312:%"‘1’ a13:ng 314:%’ as =a, =0, a, =

q° q° q°
a,, =—[P*2 +1], a,, =—[P*2 +1],a25 =a,, =0, a3l=[P*2 +1]exp(—pH ),

2 2i 2i
a,, = [%+1]exp(pH ), Ay, = P—?exp(—qH ), ag, = —P—9exp(qH ).

ik " 2iy” 2i 2i
85 :_,U_[ . +1]’ 83 :_#_P_i/z’am :P_E)eXp(_pH)’au :_P_*peXp(pH )’

*2
u \ P He
2 ? T2 . .
a“:—[;‘ZJrljexp(—qH),a,,,,:—[;q#rl]exp(qH), a“:H——‘(/11+64/12),
uo P
R B Y (- pH ),a;, = —iP exp (pH a;; = gexp (- pH
e vagy = p p vl = pP(pH ),a,; = qgexp pH ),

a, =—qexp(pH), a; =iP" (1+6,), a; =iy'P",a, =P exp(~pH ),

a,, =P exp(pH), ag =—iP"exp(—qH ), a,, =—iP exp(aH ), a = (4 +56,4 ), ag =iP’

1. Numerical results

Some numerical results are presented to illustrate applications of the theory. Some
graphs have been drown with the help of Mathematica and MATLAB. The following
materials are used, for solving the numerical calculations. Porosity=0.23, Mass density
of fluid(p)=1gm/cm?®, Mass density of gains(p,)=2.66gm/cm?®, Amplitude for visco-
elastic medium(87)=0.738x10"(dyne/cm?™, y"=0.9x10™(dyne/cm?)?, u,"=0.922x10",
1 "=0.3032x10", K'=)"+(2/3), p'=9.1787x10%°, M"'=1/(y'+58"-8°k")=8.7867x10", y=10"
tm?, o'=(1-8'k")=0.3226, p,=6.1x10°gm/cm?®, c/k=1.2x10° p,=1.56x10*2dyne/cm?,
 =7.6x10"dyne/cm?, L, =8.7x10"dyne/cm?, d,/=0.23cm, 3, =0.53cm,
8,'=1.13cm,p,=0.25gm/cm?® , p,=2.0gm/cm?®, p,=2.5gm/cm? k=0.0292.The data are
taken from Murphy 111 (1982) which are already experimentally tested data and for
this the results are verified with these data.

After solving the determinant we get,

where,

A=1.27926x10% +(2.15545i x1029)e1° +(1.55x1024)e2°,
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1.637x10" ~1.637x10* x a’ —(5.483i x10% )& +
(5.483x10% xa’ x €' )+ (1.507 x10** ) -

(1507 x10% xa” x ) - (1.347i x10% )e* +

(1.347ix10% )a’e® - (2.888x10™ )e* +(2.888x10% ) a’e*

(3.074x107)-(3.074x107" )&’
C= +(4.225x1034i)e1°—(4.225x1034i)a261° :

+(1.512 x10%i)e® —(1.512 x10%i)a’e”

1 T

0.9 |
0.8 - |
0.7 - |
0.6 - |
0.5 - |
0.4 - |
0.3 - |
0.2 - |
0.1 |
8 3.9 4 4.1 4.2 4.3 4.4

o) L
3.7 3.

B, (rese velodity)

o]

a5
x 107

Fig. 2.: Variation of phase velocity against wave numbers, when H=3.50.

k (wave number)

In the absence of dry layer, i.e. H=0, then

1 T

T T

0.9 =
0.8 - =
0.7 - =
0.6 - =
0.5 =
0.4 - =
0.3 =
0.2 =
0.1 =
2

T T T T T T
1 L L L L L L L L

3 a 5 6 7 8 9 10 11 1 i3

k (wave number) % 10%

‘]

B (desevelodhy)
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Fig. 3: Variation of phase velocity against the wave numbers, when H=0.

As compared by Murphy Il (1982) and
Zinsmeister (1988) it is reported that
there is a 2% error with theoretical
results and thus model considered is
compatible. The Fig. 2 shows that when
the wave number increases the phase
velocity decreases for a certain value of H
and for both isotropic and visco-elastic
solid. Dispersion attains very quick. Fig.
3 shows that unit of variation i.e. phase
velocity decreases as wave number
increases for H=0 i.e. when layered
media is reduced to visco-elastic porous
elastic half space and dispersion attains
at a later stage.

2. Conclusion
We have studied the propagation of
surface waves in an elastic solid layer
overlying a visco-elastic fluid saturated
porous solid half space taking reference
of a suitable example of a model. It is
found that the effect of porosity and

Massilon type sand stone is of
considerable importance in the
propagation of surface waves. Basic

formulations and solutions related to this
type of model are based on Biot’s theory.
This  theory whose  experimental
confirmation identified a number of
mechanisms related to the presence of
visco-elastic fluids and permeability of
the medium. It is shown here that these
mechanisms occur to a significant extent
in the case of high mobilities and
frequencies. In fact the complexity of the
porous medium is such that it is totally
unrealistic to try to construct a general
model for porous media. Thus the
problem considered is an attempt to
tackle a model (simple) whose various
parameters are experimentally verified
with theoretical results.
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